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Abstract 

We introduce a relative tensor product of C*-modules and a spatial 
fiber product of C*-algebras that are analogues of Connes' fusion of cor- 
respondences and the fiber product of von Neumann algebras introduced 
by Sauvageot, respectively, and study their categorical properties. These 
constructions form the basis for our approach to quantum groupoids in 
the setting of C*-algebras that is published separately. 

1 Introduction and Preliminaries 

We introduce a relative tensor product of C*-niodules and a fiber product of 
C*-algebras, study their categorical properties, and give some examples. These 
constructions are fundamental to our approach to quantum groupoids in the 
setting of C*-algebras. Roughly, a quantum groupoid consists of an algebra 
B, thought of as the functions on the unit space, an algebra A, thought of 
as functions on the total space, a homomorphism r:B—>A and an antiho- 
momorphism s: B A corresponding to the range and the source map, and 
a comultiplication A: i? — > Ag'^rA corresponding to the multiplication of the 
quantum groupoid. Here, the algebra Aj^^A is a fiber product whose precise 
definition depends on the class of the algebras involved. In the purely algebraic 
context, this fiber product is the X/^-product of Takeuchi [50], whereas in the 
setting of operator algebras, one represents A on a Hilbert space H that arises 
from some GNS-construction for the Haar weights of the quantum groupoid, and 
constructs the fiber product As*rA as an operator algebra on a relative tensor 
product Hs®rH. In the setting of von Neumann algebras, the relative tensor 

product Hs®rH was defined by Connes and is often called Connes' fusion, see 

[3l[9l[T6], the fiber product A^^rA was defined by Sauvageot [17], and the data 
{B, A, r, s, A) forms a Hopf-von Neumann bimodule in the sense of Vallin [27] . 
We propose the corresponding definitions for the setting of C* -algebras and use 
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them in to define and study compact C*-quantum groupoids. Let us add 
that in the setting of von Neumann algebras, a comprehensive theory of mea- 
surable quantum groupoids was developed by Lesieur and Enock El ISl HI] ■ 
Similarly as in the theory of quantum groups, an important role in operator- 
algebraic approaches to quantum groupoids is played by fundamental unitaries 
that generalize the multiplicative unitaries of Baaj and Skandalis 1 . In the 
setting of von Neumann algebras, these unitaries were introduced by Vallin 
pS] , Using the theory presented in this article, we introduced and studied 
fundamental unitaries for quantum groupoids in the setting of C*-algebras (531 
generalizing large parts of [T]. For space reasons, these applications had to 
be kept separate; an article is in preparation. 

An earlier approach to quantum groupoids and their fundamental unitaries in 
the setting of C* -algebras was developed in [22l|26]. The theory presented here 
and in [21] [23l [24] overcomes serious restrictions of this previous approach; see 
[25] for a comparison. 

Although our approach is based on the theory of Hilbert C*-modules, it only 
involves elementary algebraic constructions and can easily be adapted to a va- 
riety of settings like the purely algebraic one or the setting of von Neumann 
algebras, where one recovers the constructions mentioned above. 
This work was supported by the SFB 478 "Geometrische Strukturen in der 
Mathematik"0 and partially pursued during a stay at the "Special Programme 
on Operator Algebras" at the Fields Institute in Toronto, Canada, 2007. 

Plan Let us describe the plan of this paper in more detail. 
In the first part, we introduce a new class of modules over C*-algebras and a 
relative tensor product for such modules that is closely modeled after Connes' 
fusion of correspondences. The relative tensor product has nice functorial prop- 
erties and can be considered as the composition in a bicategory of modules. 
We carefully motivate our definitions and explain the close relation between the 
setting of C*-algebras and W^*-algebras which appears both on the formal level 
and in form of several functors. 

In the second part, we consider C*-algebras and iy*-algebras represented on 
modules and construct a fiber product of such algebras. We start with a refor- 
mulation of Sauvageot's construction [TO] for iy*-algebras and then introduce a 
spatial fiber product of C*-algebras. As in the setting of iy*-algebras, our fiber 
product is functorial, but unfortunately it fails to be associative. This deficiency 
is shared by Takeuchi's x_R-product; in all of our applications jST] [23l [24] , non- 
associativity will be compensated by some form of coassociativity. In the final 
subsection, we study fiber products of commutative C*-algebras and give some 
examples. 

In the appendix, we construct a minimal fiber product of C*-algebras that is 
independent of chosen representations as a Kan extension. 

^funded by the Deutsche Forschungsgemeinschaft (DFG) 
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Terminology and notation Given a subset F of a normed space X, we 
denote by \Y] C X the closed linear span of Y . 

All sesquilinear maps like inner products of Hilbert spaces are assumed to be 
conjugate-linear in the first component and linear in the second one. Let H, K be 
Hilbert spaces. We canonically identify C{H, K) with a subspace of C{H © K). 
Given subsets X C C{H) and Y C C{H,K), we denote by X' the commutant 
of X and by fY} the cr- weak closure of Y. 

Given a C*-subalgebra A C C{H) and a *-homomorphism tt: yl — *■ C{K), let 

C^(H,K) {T e C{H,K) \ Ta ^ 7r(a)T for all a e A}. (1) 

We use the ket-bra notation and define for each ^ G -ff operators |^) : C — > H, 
A ^ AC, and = |0* : if ^ C, e' ^ (^1^')- 

Hilbert C*-modules We shall extensively use (right) Hilbert C*-modules 

Let A and B be C*-algebras. Given Hilbert C*-modules E and F over B, 
we denote the space of all adjointable operators E ^ F hy Cb{E,F). Let E 
and F be C*-modules over A and respectively, and let tt: A ^ ^b{F) be 
a *-homomorphism. Then the internal tensor product E C>5,r F is the Hilbert 
C*-module over B [12. §4] which is the closed linear span of elements ij ®,r 
where i] ^ E and ^ £ F are arbitrary, and (77 (g)^ ^l??' C) = {S,W{{vW))^') 
and (?? (g)7r 0^ = V for aU 77, 77' G f e i^, and b € B. We denote the 

internal tensor product by "©" and drop the index tt if the representation is 
understood; thus, for example, E Q F — E F — E F . 
We also define a flipped internal tensor product F^^QE as follows. We equip 
the algebraic tensor product F Q E with the structure maps {£_ 77]^' 77') := 
{^W{{''l\v'))C): v)b '■— 77, form the separated completion, and obtain a 
Hilbert C*--B-module Ft^QE which is the closed linear span of elements ^7r€D77, 
where r] £ E and £, € F are arbitrary, and (^7r@7;|^'7r©77') — {^\t^{{ii\v' ))£,') ^^'^ 
(^,r©?7)& — £.bT,&i] for all rj,rf G E, G F, and b e B. As above, we drop 
the index tt and simply write "@" instead of "jr©" if the representation tt is 
understood. Evidently, the usual and the flipped internal tensor product are 
related by a unitary map T,: FQE^E©F,r]©£^i-^^©ri. 
For each ^ G -E, the maps 

IpiO ■■F-.EQF, 77^^^© 77, rj(e) : F^FQE, 77^^77©^, 

are adjointable operators, and for all r/ £ F, ^' G E, 

Again, we drop the supscript tt in lp{(,) and rp{^) if this representation is 
understood. 

Finally, let Ei,E2 be C*-modules over A, let Fi, F2 be C*-modules over B 
with *-homomorphisms tt,; : A — > CB{Fi) [i = 1,2), and let S G £a{Ei, E2), 
T G Cb{Fi,F2) such that r7ri(a) = 7r2(a)T for all a & A. Then there exists a 
unique operator S®T G £b{Ei©Fi, E2©F2) such that {SQT){r]Q£_) = SijQTS, 
for all 77 G C G Fi, and (5 © T)* = S** © T* Proposition 1.34]. 
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Weights We shall use the theory of proper KMS-weights on C*-algebras [TU] 
and adopt the following conventions. Let /i be a faithful proper KMS-weight 
on a C*-algebra B. We denote by 01^ = {& G -B | fi{b*b) < 00} the space of 
square-integrable elements, by a'^ the modular automorphism group, by ff^ the 
GNS-space, by : 01^ iJ^ the GNS-map, and by : — > i/^ the modular 
conjugation associated to /x. 

We denote by B°p the opposite C* -algebra of B, which coincides with B as 
a Banach space with involution but has the reversed multiplication, and by 
jjop. Qop _^ ^jjg opposite state of given by ^°p(6°p) := ^(6) for all h B. 
One easily verifies that 11°^ is a faithful proper KMS-weight, that the modular 
automorphism group a^"" is given by cr^ (6°^) = a^t{b)°P for all & £ B, t G M, 
and that ^TI^op = Moreover, one can always choose the GNS-space 

and GNS-map for h°p such that H^o„ = and A^op(&°P) = Jf^A^ib*) for all 
6 e 01*, and then J^op = and 7r^cp(&°P) = J^7r^(&)* for all 6 G B. 
We shall also use the theory of normal semifinite faithful weights on VF*-algebras 
and von Neumann algebras, standard results and notation of Tomita-Takesaki 
theory [T^, and the fact that every faithful proper KMS-weight /i on a C*- 
algebra B extends uniquely to a normal semifinite faithful weight ji on tt^{B)" . 
Usually, we will identify B and B"^ with operators on i/^ without explicitly 
mentioning tt^ or 7r^(Op . 

2 The relative tensor product 

In this section, we introduce a framework of bimodules over operator algebras 
and a relative tensor product for such modules that is closely modeled after 
Connes' fusion of correspondences [3]. The main definitions and constructions 
are of a purely algebraic nature; therefore, we can treat the case of C*-algebras 
and of M^*-algebras simultaneously. 

2.1 Motivation 

The main problem in the construction of a relative tensor product for mod- 
ules over C*-algebras is to find the appropriate notion of a module. In this 
subsection, we motivate our approach. 

Let us first recall the construction of the relative tensor product in the setting of 

von Neumann algebras [3l[9l[T6]. The starting point is a H^*-algebra B with a 

normal semifinite faithful weight /i, a representation of the opposite PF*-algebra 

B°P on a Hilbert H, and a representation of B on a Hilbert space K. 

The original construction of Connes involves the concept. An element 77 G Hb is 

called -bounded if there exists a (necessarily unique) operator i?^,op (r/) : 

H such that R^op{r])A^,op{b''P) = b^Pj] for all G OI^^^p. The space of all fi°P- 

bounded elements is denoted by D{H, ^°p). 

Let us identify B and B°p with operators on as in Section [TJ Since each 
Ri^^opirf) commutes with left multiplication by elements of B°p, we have that 
R^Mri)*Rf,ap{r]') G {B^p)' = B C C{H^,) for all 7;, 77' G D{H;h°p). Therefore, 
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we can define a B- valued sesquilinear product ( • | • )^ on D{H; by 

(77|ry')M - (^7)*^?,.- iv) for all ,7, ry' e ^i"^) (2) 

and a sesquilinear form ( • | • ) on the algebraic tensor product D{H; fi°P) QK hy 
{vQ^\v'&e)-={^\{vW)^0 for all 77,77' eiI,e,^'G/^. (3) 

The relative tensor product of H and K with respect to is the Hilbert space 
obtained from D{H; QK hy forming the separated completion with respect 
to this sesquilinear form. 

Equivalently, one can define the relative tensor product without reference to 
bounded elements. Let 

/ {T e C{H^, H) I Th°P = b°PT for all b°P e B°p}. (4) 

Then /*/ C [B°Py = B, and we can define a sesquilinear form (-I-) on the 
algebraic tensor product I&K by (T0^|T'0^'} := {^\{T*T')C) for all T, T' e /, 
e K. Evidently, the map D{H;h°p) Q K ^ I Q K given by 7; ^ 1-^ 
Rfj,°p (??) C extends to an isometry between the Hilbert space completions for 
the respective sesquilinear forms introduced above, and one can show that this 
isometry is an isomorphism. 

Let us note that in the setting of von Neumann algebras, the representation 
of B°P on H is completely determined by the space / and conversely [T5] ; this 
correspondence is an easy consequence of von Neumann's bicommutant theorem. 
We want to adapt the construction outlined above to the setting of C*-algebras 
and face the following problem. If i3 is a C*-algebra, then the commutant 
[B°Py C C{Hfj^) is B" and in general not B, and we can not use formula ^ to 
define a sesquilinear form as in ([3]). 

Apparently, we need to replace the space D{H; ii°p) or, equivalently, the space 
/ defined in ([4]) by a subspace I C I that is small enough in the sense that 
/*/ C B and large enough in the sense that Jif^ is dense in H. In general, such 
a subspace / is not uniquely determined by a representation of B°p on H alone. 
But conversely, each such subspace / determines a representation of B°p on H 
by the formula b°PTC = Tb°PC, for all T e / and C e Hf,. Therefore, we shall 
make such a subspace / part of the module structure on H. 
For illustration, let us consider the following special case. Assume that B = 
C{X) for some compact space X. Then the representation of B°p = B on H 
allows us to write H as a direct integral of a measurable field of Hilbert spaces on 
X, and / corresponds the space of all measurable essentially bounded sections 
of this field. Now, to choose a subspace / C / as above is essentially equivalent 
to choosing a continuous structure on the measurable field. Usually, such a 
continuous structure is not uniquely determined by the measurable structure. 

2.2 Background on modules of operators 

Before we introduce the classes of modules involved in the relative tensor product 
construction, we fix some terminology and recall several results on modules of 
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operator algebras that are concrete in the sense that they are represented as 
operators between Hilbert spaces. We denote by [X] the norm-closed and by 
fx} the cr-weakly closed linear span of a set X of operators. 

Definition 2.1. A (nondegenerate) concrete C*-algebra Ah — (H,A) consists 
of a Hilbert space H and a (nondegenerate) norm-closed *-subalgebra A C C{H). 
A (nondegenerate) concrete C* -module ~ {H,K,E) consists of Hilbert 
spaces H,K and a norm-closed subspace E C C(H,K) satisfying EE*E C E 
(and [EH] = K, [E*K] = H). Replacing norm-closures by the a-weak closures, 
we similarly define (nondegenerate) concrete W* -algebras and W* -modules. 

Given a concrete C*-algebra A^, we identify M(A) with a C*-subalgebra of 
C{[AH]) C C{H); then also M{A)ff is a concrete C*-algebra. Clearly, each 
concrete VF*-module is a concrete C*-module, the weak closure of each con- 
crete C*-module is a concrete M^*-niodule, and likewise for algebras. Finally, a 
nondegenerate concrete M^*-algebra is the same as a von Neumann algebra. 

Proposition 2.2. Let E^ be a concrete C* -module. 

i) A [E*E] and B := [EE*] are C* -algebras, E is a Hilbert C*-B-A- 
bimodule with respect to the obvious structure maps, [EE*E] — E, and 
E^ is nondegenerate if and only if Ah and Bk are. 

a) There exist isometrics niE ■ E©H — > K , ^©C andnn '. H©E K , 

C © C which are unitary if and only if [EH] = K . 

Hi) There exists a normal *-homomorphism pE'- A' B' , x i— > r7i£(id£; ©x)m*^ 
and Pe{x)[[eh]^ — and Pe{x)^C = ^^(^ for all x G A' , ^ € E, G H . 

iv) The embedding EQH ^ [[i?|©i7 is equal to m'^^^mE and an isomorphism, 
and piEj = Pe- 

Proof. i)"iii) Straightforward; for the relation [EE*E] — E, see [TH p. 5]. □ 
Proposition 2.3. There exist categories 

• C*-mod, whose objects are all concrete C* -algebras and whose morphisms 
between objects Ah and Bk are all concrete C* -modules E^ satisfying 
E* E C A, EA C E, EE* C B , BE C E; the composition of morphisms 
E% and being [FE]'^; 

• W*-mod, which is defined similarly like C*-mod, but C* -algebras and 
C* -modules are replaced by W* -algebras and W* -modules, and the com- 
position of morphisms E^ and Fj^ is 

• vN, whose objects are all von Neumann algebras and whose morphisms 
are all normal *-homomorphisms. 

There exist functors 

. I • 1 : C*-mod ^ W*-mod, given by Ah ^IA\h,E%^ {E}^: 
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• W*-mod vN, given by Ah A'^, E§ ^ pe; 

• vN W*-mod, given by Ah ^ A'^j, p ^ Cp{H,K) for all Ah,Bk G 
obvN, p e vN{Ah,Bk)- 

The last two functors restrict to inverse isomorphisms o/vN with the full subcat- 
egory of W*-mod formed by all von Neumann algebras, that is, nondegenerate 
concrete W* -algebras. 

Proof. The existence of the categories and functors is evident. The last assertion 
above is proved in [18j. □ 

The preceding proposition impUes the following easy result: 

Proposition 2.4. Let be a concrete C* -module and A = [E*E]. B = 
[EE*]. 

i) In C*-mod, E^ is an isomorphism from Ah to Bk with inverse (E*)^. 

ii) For each nondegenerate concrete C* -algebra Cl, uie have pc = idc- 

Hi) pe* is left/right inverse to pE if A is nondegenerate/if B is nondegenerate. 
Corresponding assertions hold for concrete W* -modules and W* -algebras. 

2.3 Modules and bimodules over algebras and bases 

We shall define a relative tensor product for the following classes of modules: 

Definition 2.5. Let Sl^j be a nondegenerate concrete C* -algebra. A C*-2tj5- 
module Ha = {H, a) is a Hilbert space H with a nondegenerate concrete C* - 
module satisfying [a*a] — 21. We denote by C*-mod2iy, the category of 
all C* -%fj-modules, where the set of morphisms between objects Ha and Kp is 
C{Ha,K0) := {T e C{H, K)\TaC f3, T*/3 C a}. 

Let 2lfl be a von Neumann algebra. We define the category W*-mod2[q ofW*- 
%^-modules similarly as C*-m.oA%^ , replacing the norm-closure by the a-weak 
closure. 

The following properties of morphisms are easily verified: 

Lemma 2.6. Let^fj be a nondegenerate concrete C* -algebra (or W* -algebra). 
Ha, Kp C* -^f, -modules (or W* -%f,- modules), and S G C{Ha,Kp). Then the 
map Sif'. a —>■ P given by i-^ belongs to £a(a,/3), and (5*)* ~ {S*)*, 
S = mp^Si, © id)m* and Spa{a) = pp{a)S for all a G 21'. 

The categories of modules introduced above are related to the following cate- 
gories of representations and of Hilbert C*-modules. For each C*-algebra 2t, 
we denote by C*-moda the category of all Hilbert C*-modules over 21 with all 
adjointable operators as morphisms. Let 2tf, be a von Neumann algebra. A 
representation of 2t is a Hilbert space H with a faithful normal nondegenerate 
*-homomorphism p: 21 ^ ^{H), briefly written H^ = {H,p). We denote by 
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W*-rep2i the category of all representations of 2t, where the set of morphisms 
between representations Rp and K"^ is C{Hp, K"^) = {T G C{H, K) \ Tp{a) = 
a{a)T for all a S 2t}. 

Proposition 2.7. For each nondegenerate concrete C* -algebra Sl^j, there exist 
functors 

• C*-moda ^ C*-modaj, , given hy E ^ andT ^T© id^; 

• C*-m.oA%^ —>■ C*-modg, given by Ha a and T ^ T*; 

• I • ]] : C*-moda,, W*-mod|2[|j, , given by Ha ^ and T ^ T; 

• mr: W*-mod|a]y, W*-rep2j/, given by Ha ^ {H,pa) and T ^ T; 

• rm: W*-repg, —> W*-mod|a|j, , given by {H,p) {H,Cp{Sj,H)) and 
T^T. 

The functors mr and rm are inverse equivalences of categories. 

Proof. Immediate from Proposition [2?3] □ 

Next, we introduce bimodules. To motivate the definition given below, let us 
first consider iy*-bimodules over von Neumann algebras, Slf, and *B;?, say. 
Clearly, a VF*-2lf|-Q5ii-bimodule should be a triple {H,a,f3), where Ha is a 
W*-2t^-module, Hp a VF*-Q5j5-module, and {H,pa,Pi3) a correspondence be- 
tween 2t^ and 05^, that is, we should have [pa{^'), ppi^')] = 0. Note that by 
Proposition 12.31 and Lemma I^TBl 

[pam,P0{^')]=O ^ p„(2l')/9 = /3 ^ = (5) 

If we pass from von Neumann algebras to concrete C*-algebras, the equivalence 
breaks down — the condition on the left hand side is too weak, whereas the 
other two conditions arc too strong. The solution is to replace the commutants 
21' and 5B' by suitable C*-subalgebras. 

Definition 2.8. A C*-base or Vl^*-base (^), 21, 21^) consists of a Hilbert space 
and commuting nondegenerate C* -algebras or von Neumann algebras 21, 2t^ C 
£(55), respectively. Two C* -bases or W*-bases (^3,21,21^) and (.ft, ?B,QS^) are 
equivalent i/ Ady(2t) = 2S and Ady(2tt) = «8t for some unitary V £ C{^,A). 

Examples 2.9. i) We denote by i = (C,C, C) the trivial C* -base, given by 
the Hilbert space C and twice the C* -subalgebra C = /3(C). 

li) Let a = (io,2l,2l^) be a C* - or W*-base. Then := (i^, 21^,21) is a 
C* - or W*-base again, called the opposite of a. If a is a C* -base, then 
H := (i3,[2ll,l2lt]) isaW*-base. 

Hi) If is a Neumann algebra, then (^^,21,21') is a W*-base. We call a 
C*- or W*-base (J?,®,^^) reduced if [OS', (03+)'] = 0, or, eqmvalently, if 
»" = (Q3t)'. 
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iv) Let fi be a proper KMS-weight on a C* -algebra A with GNS-space i?^, 
GNS-representation tt^ : ^ — > £(iJ^), and opposite GNS-representation 
TT^op : A°P C{H^), a i— > J^i^^{a*)J^ (see Section\^. Then the tuple 
{H^,T:^{A),TT^ap{A°P)) is a C* -base. Its opposite [H^,'K^aj,{A°P),TT^{A)) 
is equivalent to the C* -base associated to the opposite weight on A°p . 
Indeed, can be considered as the GNS-space for via the opposite 
GNS-map A^op : OT^op — > H^, a°P t-^ J^A^(a*), and then J^opTr^op J^op = 
7r^(A); see Section[l\ 

v) Let A be a W* -algebra. Similarly as in iv), we associate to every normal 
semifinite faithful weight fj. on A a W*-base (if^, 7r^(^), tt^op and 
the opposite weight jjf^ on gives rise to the opposite W*-base. In 
contrast to the setting of C* -algebras, the W*-bases associated to any two 
normal semifinite faithful weights ji and u on A are equivalent, as one can 
deduce from ^19, %IX.l]. 

Let n be a proper KMS-weight on a C* -algebra A and a the C* -base asso- 
ciated to it as in iv). Then /i extends to a normal semifinite faithful weight 
ft on |7r^(^)|, and the W*-base associated to fi above can be identified with 
|a|, as one can deduce from ^1.7]. 

From now on, we always denote C*- and M^*-bases as follows: 

Q = - b^{ii,^,^^), c = (£,G:,d),.... (6) 

Definition 2.10. Let ^ and <8 be W* -algebras. A T^*-(2t, *B)-representation 
is a triple ''H'^ = (H,p,a), where and are representations of % and 25, 
respectively, and [p(2l), (^(QS)] = 0. We denote by W*-rep2f tg the category of 
all W* -{^,^)-representations, where the set of morphisms between objects pH"^ 

and PR" is C{pH'', pr") = C{Hp, Rp) n CiH" , H^). 

Let a and b be C* -bases. A C*-{a, b)-niodule is a triple aHp — {H,a,(3), where 
Ha is a C* -%f)-module, Hp a C* -^^-module, and [pct(2l^)/3] = (3, [pi3{^'')a] = 
a. We denote by C*-mod|j_ti the category of all C* -{a,b)-modules, where the 
set of morphisms between objects aHp and ^Ks is C{aHi3, ^Kg) := C{Ho,, K^) n 
C{Hf},Ks). If a and b are W*-bases, we similarly define the category ^*-moda,b 
of W* -{a,b) -modules. 

Till the end of this subsection, let a = {^,%^'<) and b = (il,<B,St) be C*- 
bases. Proposition 12 . 71 and relation (O imply: 

Proposition 2.11. There exists a functor |-]: C*-modo,t, W*-mod|n| |f,| 
given by aHp i— )■ |Q]-ff[/3] i'^'^ T t-^T. // a, b are reduced, there exist functors 

• mr: W*-mod|n|. j;,] ^ W*-rep2i, rg,, given by ^Hp ^ {H.pa.pp) and 
T^T; 

• rm: W*-repg;, ig, W*-modj|j| |t,|, given by the assignments pH" ^-^ 
{H,CP{S),H),&{K,H)) andT^T; 

and then the functors mr and rm are inverse isomorphisms of categories. 
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Examples 2.12. i) ati^a is a C* -[a\ a) -module since [pat (21)21] = [2121] = 
21 and [/9a(2lt)2lt] [21+21+] = 21+ hy Proposition\2^ii). 

a) Let H be a Hilbert space and \H) = {[^ | C e 7?} C C{C,H). Then 
{H, \H)) is a C* -i-module, where i is the trivial C*-base fExamvle \2.9\ i) ). 
If Ha is a C* -%fy-module, then {H,a, \H)) is a C* -{a, t) -module. 

Hi) If ^ — 2t+, then o+ = o, and if additionally Ha is a C* -a-module, then 
aHa is a C* -{a\ a) -module because then [pct(2l+)Q:] = [a2l+] = a. 

iv) The category C*-moda.b has direct sums, which can be constructed as 
follows. Let(Ti.i)i be a family of C* -{a, b) -modules, whereTLi = {Hi,ai,l3i) 
for each i. Denote by ffl^ai C C{Sj,®iHi) the norm-closed linear span 
of all operators of the form (. ^ (CiC)i; where is contained in the 

algebraic direct sum ^^^aj, and similarly define ffli/3i C C(^A,(BiHi) . 
One easily verifies that the triple SiTii := ( (Bi -ffi, ffl^ai, ffli/3i) is a C*- 
(a, b)-module, that for each j, the canonical inclusions Uj : Hj ®iHi and 
projection ttj : (Bi Hi —>■ Hj are morphisms Ti.j — > ffliTii and ffli?ii Tij , 
and that with respect to these maps, ffliTii is the direct sum of the family 

Another important source of C* -{b,b^) -modules is discussed in Examvle \3.S[ 
Of course, each of the preceding examples has an analogue in the setting of 
W* -algebras. 



2.4 The relative tensor product in the setting of C*-algebras 

The relative tensor product of modules introduced below is a simple algebraic 
reformulation of Connes' fusion and was motivated already in Subsection 12.11 
We first consider the setting of C*-algebras. Throughout this subsection, let 
a, b, c,Zi be C*-bases as in Let Hp be a C*-Sj^-module and a C*-*B^- 
module. Then the relative tensor product of H/j and is the Hilbert space 

Hf3®^K := /3© j|@7. 

b 

It is spanned by elements £, © ( © Vi where € (3, ( € ^, rj € j, and the inner 
product is given by © C © v\C © C © v') = {C\CCv*v'C') = {C\v*v'CCC) for 
all S,,^' e P, C, C' S -^j VtV' G 7- By definition and by Proposition 12.21 ii). there 
exist isomorphisms 

T.: Hfi®-.K K^®f}H, ^ © C © V ^ V © C © ^, 

b t>t 

n/3,7 := id©n^: Hp®^K l3©p^K, £,©C©V^^®vC, 

b 

mi3^j := mp @ id: Hp®^K Hp^©j, C©C@f?'-^CC©^- 

Example 2.13. If b is the trivial C*-base t (Examvle \2.9\ i)). then (5 = \H), 
7 = [if ), and H\h)<^\k)K = H (g) K via © X © \t]) (g) 77. 
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The proof of the foUowing resuh is straightforward: 

Lemma 2.14. i) For each ^ G /3 and rj ^ there exist operators g 
L{K,H p®~fK) and \ri)2 G C{H,H p®^K) with adjoints :— |^)* and 

b h 

ivU ■= \v)2 such that for all ^' G /3, ^ £ 77' G 7, 

lOi(^'c) = c ® c ® ® c ® 77') = P7(rc')^'c = ^Tc'c, 

h)2(e'C) = C ® C © ^, (^|2(C' ® C ® = P/3(^*??')e'C = ev^^'c- 

ii^ := {1^)1 I ^ G /?} is a concrete C*-p-y{^)K -module and [7)2 := 

{1^)2 I ?7 G /9} a concrete C* -pp{^^) h -module. 

We put (7I2 17)2- Note that [|/3)i7] = [17)2/?] C C[^,Hp®^K). 

b 

By Proposition 12.21 and 12. 4[ we have isomorphisms 

p\p), : p^m' ^ C C{Hp®^K), T ^ id ©n!Tn^ =: id®T, 

b 

: ppi^^y ^ [17)2(712]' C C{Hi3®^K), S ^ mlSmp @ id =: 5 @ id . 

b 

Lemma 2.15. LetT G p^(Q3)', S G p/3(5B^)'. If one of the following conditions 
holds, then [id®T, S'eid] = 0; i) T e C{K^), ii) S G C{Hi3), Hi) h is reduced. 

Proof. Let = C © C © '7, = ^' © C' © e Hp®^K. Then ri*TT^' G 

b 

^*Si' G (S^)'. In case i), r]*Tr^' G in case ii), £;S£,' G *B. In all cases, 
T]*Tr]' and £,*Si' commute and (tj|(id ©r)(S' @ id)w') = {CM T r]' ) {i* S £,')(,') = 
{m*S^'WTri')C') - (u;|(^©id)(id©rK). □ 

If T G p-y(*B)' and S* G p/3(Q5t)' satisfy one of the conditions i)-iii) above, we put 
S®T:= (id©T)(S'@id) = (S'©id)(id©r) G L{Hb®^K). 

b b 

Given C*- or H^*-algebras A C C{Hi3) and B C C{K.y), we denote by 

A®B<ZL{Hp®^K) I A®B<ZL{Hp®^K) (7) 

b b b b 

the C*- or W^*-algebra, respectively, generated by all operators a ® b, where 

b 

ae A,be B. 

Proposition 2.16. Let H — ^Hp be a C*-{a\ b)-module and IC = ^Ks a C*- 
(h\c)-module. Put 

a<-i:=[\-i)2a]^C{f),Hp®^K), [3 > 5 := [\l3)i6] C{Z, H p®^K). (8) 

b b 

Then Ti ® K, := (^a<i'i){H f3®'yK)(^p^g^ is a C* -{a^o) -module. 

b b 
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Proof. {Hp®^K) 

(a<l7) 1^ ^ 

since [a*(7|2|7)2a] = [a*P/3(23'l')a] = 

b 

[a*a] = [|7)2a2tt] = [\-i)^a], and [|7)2aio] = [|7)2i^] = Hp^^^K. Likewise, 

b 

{H i3®'yK)(p^s) is a C*-££-module. By Proposition [2J1 

b 

P(Q<]7)(a) = P|7>2(Pa(a)) = ^^(a) ©id for all a G (21^)', 
P(/3o5)(c) = p|/5)i(p5(c)) = id©p5(c) for all c G 

Hence, [p(a.7)(2l)l/5)i'5] = [|Pa(2l)/?)i<5] - [|/3)i,5] and [p(^^,)(e:t)|^)2a] = [|7)2a]. 

□ 

In the situation above, we call TL ® K, the relative tensor product of H and /C. 

b 

Note the following commutative diagram, where the morphisms are concrete 
C*-modules and composition is defined as in C*-mod: 




The relative tensor product has the following categorical properties: 

Proposition 2.17. Let H = ^Hp, = a,,H^^,n^ = ^^H^^ be C*-(at,b)- 
modules, K. — -^Kg, K} ~ , K? — ^2^s C*-(b^, c)-modules, and C ~ eL^f, 

a C* -{c\'!3) -module. 

i) S(E)Te Cin^ ® IC^ ® JO) for all S G an^W^), T G C(IC\IC^). 

b b b 

ii) The composition of the maps 

/ 7-7- 7- ™(/3>i5),e / ,-,\ n/3,-,@id 

(Hp (g) ^K)(^f3t>5) ® eL > [Hp ® -,K)p ©e > (3 Kp,©e, 

be b 

is an isomorphism aa,b.i:,eiJ^, IC,H): {TL ® IC) ® C ^ Ti ® {K, ® L). 

be be 

Hi) PutlA := <Q\^<s. Then there exist isomorphisms 

b 

lb,c{l^) ■— ° TTi's.'y '■ U ® K, ^ b © C, © ri ^ r/b( = p~f{b)r/(. 

b 

iv) Let be a family of C* -{a\b) -modules and {IC^)j a family of C*- 

{b\c) -modules. For each denote by : ffli'Ti* , : 1C-' 
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SjiK.^ and tt^ : ffl^' W — *■ tt^ : fflj' /C-' JC^ the canonical inclu- 
sions and projections, respectively. Then there exist inverse isomorphisms 
m,^j{W®K.^) ^ (ffl,W*)0(fflj/C^') given by (a;,,^)*^ ^ E^ ,(^H®iK)Kj) 

b b '-^ b 

and ((tt^ ® 7r^)(ti'))^ ^. ^ w, respectively. 

Proof, i) If 5, T are as above and W = cnH^., K.^ — -y^Kj, for i,j — 1,2, then 
(5'«)T)|7i)2ai = \T-fi)2Sai C |72)2a2 and similarly (S* T)|/3i)i(5i C |/32)i<52, 

(5®r)*|72)2a2 C |7i)2ai, (5 ® r)*|/32)i(52 C 

b b 

ii) Straightforward. 

iii) r^.bin) ■ {a <s Q5t) = [pp{'B'')a] = a and r„,(,(H) • (/3 > «B) = [/3<B] = /3. For 
h.c{^)i the arguments are similar. 

iv) Straightforward. □ 

Recall that a bicategory B consists of a class of objects ob B, a category B(A, B) 
for each A, B G obB whose objects and morphisms are called 1-cells and 2- 
cells, respectively, a functor ca,b.c- C) x 'B{A,B) B(A, C) ("com- 

position") for each A,B,C G obB, an object 1a G B(A, ^) ("identity") for 
each A e obB, an isomorphism aA,B,c,D{f,g,h): CA,B,D{cB,c,D{h,g), f) 
CA,c,D{h,CA,B.c{9, f)) in B(j4, Z?) ("associativity") for each triple of 1-cells 

A ^ B C ^ D in 'B, and isomorphisms IaU)'- ca,a,b(/, 1a) — * / and 

f 

fBif )- ca,b.b{^b, f) ^ / in B(A, B) for each l-cell A B in B, subject to 
several axioms [13] . Tedious but straightforward calculations show: 

Theorem 2.18. There exists a bicategory C*-bimod such that 

• the objects are all C*-bases and C*-bimod(a, b) = C*-mod^t,b I^r M 

C* -bases a, b; 

• the functor Ca.b.c is given by {^Ks, aHp) ^ aHp^^Ks and (T, S) ^ S®T , 

b b 

respectively, and the identity la is ati3a for all C*-bases a, b, c, 0; 



• a,r,l are as in Proposition \2. 1 



2.5 The relative tensor product in the setting of VF*-algebras 

We carry over the definitions and results of Subsection l2.4l to the setting of W*- 
algebras, replacing the norm closures in ([5]) by the cr-weak closures. Moreover, 
we carry over the definition of the bicategory C*-bimod and obtain a bicategory 
W*-bimod. These two bicategories are related by a functor as follows. 
Let B, B' be bicategories. Recall that a functor F: B — * B' consists of an as- 
signment ob B ob B', A i-^ FA, a functor Ya,b : B(A, B) B'(FA, ¥B) de- 
fined for each A, B e obB, a 2-cell 4>a,b,c{9, f)'- CFA,FB,Fc{FB,c9,FA,Bf) 

FA,c(cA,s,c(ffj /)) for each pair of 1-cells A ^ _B C in B, and a 2-cell 
(f'A '■ IpA Fa,a^a for each A e obB, subject to several axioms [13]. 
Again, tedious but straightforward calculations show: 
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Theorem 2.19. i) Let H = aHfs be a C*-{d'' ,b) -module and JC = ^Ks a 
C*-(bt, c)-module. Then the embedding /3 © J? @ 7 |/3] © @ [7I is an 
isomorphism 0/ W^*-(|a^], lcj)-modules 

HiH.K)-- ln®^^lnj ® m. 

b 161 

ii) There exists a functor [ • ]] : C*-bimod W*-bimod given by a ^ \a\ 
on objects, aHfS ^ [q^^/?] = [qI^PI on 1-cells, the identity on 2-cells, 

in C*-bimod, and ipa = id^, for each object a. 



The preceding constructions are related to Connes' fusion (see Subsection 12. ip 
as follows. 

Proposition 2.20. Let B be a W* -algebra, Rp a W* -B°p -representation, 

a W* -B -representation, and [i a normal semifinite faithful weight on B with 

associated W* -base b fExamvle \2.9\ v)). Put 

p:=po n-}, : 23^ B°p A C{H), a a o tt^i : «B ^ B ^ CiK), 

Then there exists a unitary Vhp.K" ■ Hp ® aK Hp>Si-yK given by rj ® uj 
Rpap (77) © n*{uj) for all 77 G D{H; fi°P), ueK. 

Proof. Let 77,77' e D{H;p°P). Then <j{{vW) t.-'p) = ^iR,.^Av)* R^^^^iv')) and 
^ = P-yl'B by Proposition Now, there exists an isometry Vhp^K" as claimed 
because for aU uj,uj' G K, 

{•q (g) uj\f]' (E) u') ^ {uj\p^{Rpop{rj)*R^op{ij'))oj') 

= (V-C^) © n;{Lo)\R^o4r]') © n;{Lo')). 

This isometry is surjective because the relation [Rpop[D{H\ p°P))H^] — H [l9l 
(proof of) Lemma IX. 3. 3] implies 

{mfi©{A){VHP,KAHp(E„K)) = [Rpo,{D{H-p°'P))H^]©-i 

= (77^^ @id)(i7^®^ii'). 

b 

□ 



Propositions 12.31 and 12.201 imply: 

Corollary 2.21. Let b be the C* -base associated to a proper KMS-weight p 
on a C* -algebra B (Example \2.9\ iv)), let Hp be a C* -^j^-module, and let I'Cj 
be a C* -^]^-module. Denote by p the normal semifinite faithful extension of 



14 



fi to I<B], identify [Sff with f^f, and put p := pp: ['Bff ^ C{H), cr := 
p^: [S] C{K). Then 1(3} = Cp{H^„H), fj\ = CiHf^K), and we have 
isomorphisms 

Hp ® „K XHI^ ij-j^j ^ ^^^K ^ Hfi®^K. 

A lb] b 

There exists a bicategory such that the objects are VF*-algebras with fixed 
normal semifinite faithful weights, the category of morphisms between objects 
{A, p) and [B, v) is W*-rep^^^op , and the composition is given by Connes' fusion 
[21 Proposition II. 5] . Straightforward but tedious verifications show that the uni- 
taries Vhp,K'' yield a functorial embedding of this bicategory into W*-bimod. 

3 The spatial fiber product 

In this section, we use the relative tensor product to define a spatial fiber product 
of C*-algebras. This fiber product is an analogue of the fiber product of von 
Neumann algebras [T7] but lacks several desirable properties like associativity. 
Nevertheless, it is functorial with respect to a natural class of morphisms and 
suits our applications in [3TJ [531 [H] ■ 

3.1 C*-algebras and iy*-algebras represented on modules 

We consider C*- and VF*-algebras which are represented on modules of the type 
introduced in Section [2l Again, we write C*- and W^*-bases as in ([6]). 

Definition 3.1. Let a be a C*-hase. A (nondegenerate) C*-o-algebra is a 
pair A'^ = (Ha,A), where is a C* -%^-module, Ajj a (nondegenerate) con- 
crete C* -algebra, and pa{^^)A C A. We denote by C*-alg^"^-' the category of 
all (nondegenerate) C* -a- algebras, where the morphisms between objects AJj, 
are all *-homomorphisms tt: A ^ B satisfying f3 — [C^ (Ha, Kp)Q.], where 
C{Ha,Kp) C{Ha,Kf3)nC''{H,K) (see ©}. Given a W*-base a, we simi- 
larly define the category W*-alg^"'^'' of all (nondegenerate) VK*- a- algebras, where 
the morphisms are assumed to be normal. 

Let ^ be a W* -algebra. A von Neumann- 2l-algebra is a pair A'^ — {Ah,p), 
where Ah is a von Neumann algebra and p: ^ ^ A a unital normal *-homo- 
morphism. The class of all von Neumann-'^- algebras forms a category vlS! -algt^, 
where the morphisms between objects {Ah,p), {Bk,o') are all t: G vN(j4^f,_Bx) 
satisfying ir o p = a. 

Remark 3.2. Let a be a reduced W*-base and Afj a nondegenerate W*-a- 
algebra. Then A' C p„(2l')' = C{Ha) by Proposition^^ 

In our applications to quantum groupoids [21], C*-a-algebras arise as follows: 

Example 3.3. Let h be the C*-base associated to a KMS-state p on a unital 
C* -algebra B (Examvle \2.iA iv)), let A be a unital C* -algebra such that 1a G 
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B C A, and let (j): A B be a conditional expectation such that v := o (jj 
is a KMS-state and (j'(\b = <^tJ 4' ° '^t ~ '^t ° 4' for all t 6 R. Denote by 
C,(j,: Hf^ Hi, the isometry given by Ap(6) ^ and put H :— H^, a := 

[TT,iA)C^], (3 := [<P(A°P)C0]. Then^Hp is a C* -(h,h^) -module, p„o^^„p = ti°J> , 
PpOTT^ = ^,, and^M)+K''{{Ar\B'YP)(ZC(H^), ^,op + 7r,(A n B') C 
^{Hf}) \21\ Lemma 3.7]. Moreover, 'Ki,{A)^^ is a nondegenerate C* -b-algebra 
because pi3{^)n^{A) = 'Ki,{B)n^{A) C TT,y{A), and similarly, (7r°P(A°^'))^ is a 
nondegenerate C* -b^ -algebra. 

Example 3.4. Let a be a C*-base and AJj a C* -a- algebra. If we identify M{A) 
with a C* -subalgebra of C{[AH]) in the canonical way, M{A)fj becomes a C*- 
a-algebra. 

Let us collect some easy properties of morphisms: 

Proposition 3.5. Let a be a C* -/W* -base, tt a morphism of C* -/W* -a- algebras 
Afj and B^, and ^ = [Ha, Kp). Then: 

i) [-fH] and"f e C*-/W*-mod(/:(iJ„) n A',C{Kfj) n 7r(A)'). 

ii) Ti — p^\a is normal and TT{pa{x)a) — pp{x)Ti{a) for all x G 21^, a G A. 

Hi) If Ah is nondegenerate, then t:{A)k is nondegenerate. 

iv) If a is a reduced W*-base and Ah, Bk are nondegenerate W* -algebras, 
then (Ha, Kfj) = C^{II,K) and the maps tt ^ C^{H,K) and p^ <^ ^ 
are inverse bijections W*-alg„(yl^,B^) ^ {7 G W*-mod(A'^, C^) 
I7Q;] ^ P, C C B a von-Neumann algebra}. 

Proof. We only prove iv), the other statements follow immediately from the 
definitions. Assume that a is a reduced W^*-base and Ah, Bk are nondegenerate 
W*-algebras. By Proposition [2?3l PpWi = Ph^llat ^ ° Pa\<A-< = tt o p^jgit , so 
C^iH, K) C C{HP'^ ,KPt<) ^ C{Ha,Kp). Let C C B be a von-Neumann algebra 
and 5 G W*-mod(A^,C^) satisfy = (3, and let tt := p&: A" C" C 

B" . Then by Proposition 12.31 again, tt o p^ — pp and therefore {Ha, Kp) = 
C^{H, K) = 5. The claim follows. □ 

A combination of this result with Proposition 12. 71 shows: 

Proposition 3.6. Let a be a C* -base. 

i) There exist functors l-}: C*-alg(,"'*) ^ W*-alg["J^^ given by A% ^ 
and TT I— > TT, where tt denotes the normal extension. 

ii) If a is reduced, then there exist isomorphisms vN-alg|2(| ^ W*-alg"^| 
given by {H, A) ^ (rmTi, A), tt 1-^ tt and {H, A) 1-^ {mrH, A), tt 1-^ tt. 
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Definition 3.7. Let a,b be C* -bases. A (nondegenerate) C*-(a, b)-algebra is 
a pair = (aH^jA), where aHfi is a C*-(a, b)-module, A'^ a (nondegener- 
ate) C* -a-algebra, and A^^ a C* -b-algebra. We denote by C*-alg^"^^ the cate- 
gory of all (nondegenerate) C* -{a,b)-algebras, where C*-alg"^^^\A'^^ , B]^^) = 
C*-alg(,"^HA^,S^) n C*-alg[,"^^(A^,S^) for all A''/, B]^^ . Given W*-bases 
a,b, we similarly define the category W*-alg|j"^^ of all (nondegenerate) W*- 
(a, b)-algebras. 

Let 2t, 05 be W* -algebras. A von Neumann- (21, Q5)-algebra is a pair A''jf = 
ifH'^^A), where ^H'^ is a W* -{^^^) -representation, Ah a von Neumann alge- 
bra, and p(2l),cr(*B) C A. The class of all von Neumann-{^,^) -algebras forms 
a category vN-alg^ ^g, where vN-alg,^ <Q{A'^'^,B'^^) = vN-alg2j(A^, _B^) n 
vN-alg55(A- ,5^) for all B^'^. ' 

Of course, we have an analogue of Proposition [3T6l for tlie categories introduced 
above. For later use, we note tlie following direct sum and direct product 
construction. 

Example 3.8. Let a,b be C* -bases and {Ai)i a family of C* -{a, b)- algebras, 
where Ai = {{Hi,ai, [3i), Ai) for each i. Then the CQ-sum of C* -algebras ^^Ai 
and the l°° -product of C* -algebras J^^ Ai are naturally represented on the Hilbert 
space 0ji?j, and the pairs SiAi := ( ffli (Hi, at, Pt),^^ Ai) and JJ^Ai := 
( Si {Hi,ai, f]i),Y\j^ Ai) are C* -{a, b)- algebras, called the direct sum and the 
direct product of the family {Ai)i, respectively. One easily verifies that for 
each j , the canonical maps Aj 0,- Ai Yii ~^ -^j ^""6 morphisms of 
C* -{a, b) -algebras Aj — > SiAi — > Jli-^i ^ '^^'^ ^^'^^ SiAi and Yii^i "'^s 
nondegenerate if all of the {Ai)i are nondegenerate. 
Similarly, one defines the direct sum in the setting of W* -algebras. 

3.2 The spatial fiber product of VF*-algebras 

Before we introduce a spatial fiber product for C*-algebras, we reformulate the 
well-known fiber product construction for von Neumann algebras |17j in the 
language of M^*-algebras and VF*-modulcs. Throughout this subsection, let 
a,b,c be H^*-bases as in (|6]). We start with the following lemma: 

Lemma 3.9. Let be a concrete nondegenerate W* -module and Ah a con- 
crete W* -algebra such that E*EA C A. 

i) For each T G C{K), the following conditions are equivalent: (a) E*TE C 
A; (b) T e IEAE*\; (c) TE + T*E C (EAj. If Ah is nondegenerate, 
these conditions are equivalent to (d) T E pniA')' . 

ii) The set of all T G C-{K) satisfying conditions (a)-(c) is a W* -algebra. 

Proof, i) Using the relation id^ G [£'£'*], we find 

E*TE c A ^ T G 1^;^;*^^;^;*] c ieae*\ 

^TE + T*E C lEAE*Ej C {EAj E*TE C IE*EA\ C A. 
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If A = A'\ then the relations S,*T£,'h = CTpsib)^' and hi*T^' = ^*pE{b)TC, 
valid for all € E,b € A' , imply the equivalence of (a) and (d). 

ii) Obvious. □ 

Proposition 3.10. Let be a W* -b-algebra and B]^ a W* -b^ -algebra. 

i) The following subspaces of C{H p®~fK) coincide and are a W* -algebra: 

b 

(a) [T e C[Hp®^K) I (/3|iT|/3)i C B, (712^17)2 C A}; 

b 

(b) [|7)2^(7|2lnp)iB(/3|iI; 

(c) {T e C{Hp®^K) I r|/3)i +T*|/3)i C p)ii3l, T|7)2 + T*|7)2 C 

117)2^1}. 

We denote the W* -algebra in (a)-(c) by AfjijB. 

b 

ii) If Ah, Bk are nondegenerate, then A' C p^(!B^)', B' C and 

Api^B = np|^),(s')' = (^'®id)' n (id^s')'. 

b b b 

iii) If A'^^ is a W*-{a\ b)-algebra and B]f a W*-{h^ , c)-algebra, then {allp® 

b 

^Ks, Ap^^B) is a W* -{a^ ,c) -algebra. 

b 

Proof. Assertions i) and ii) follow immediately from Lemma 13.91 and assertion 

iii) follows easily from equation □ 

Definition 3.11. We denote the W* -algebra in \3.10\ i)-iii) by yl^*^_B and 

b 

call it the VF*-fiber product of A^ and B]^. If A^^ is a W* -{a' ,b)- algebra 
and B'jf a W* -{b\ c)-algebra, then we call the W*-{a' , c)-algebra A'^^^Bjf := 
{aHi3 ® jKs,Af3*.yB) the VF*-fiber product of A'^'^ and Bj*. 

To prove that the T4^*-fiber product is functorial, we use the following lemma: 

Lemma 3.12. Let <j) be a morphism of W* -b- algebras A^, and let Bj. be a 

W*-b'^ -algebra. Then I :— L)(g)id is a concrete W* -module, pi[Ap^^B) C 

ti b 

C\*^B, and {ri'\2Pi{x)\ri)2 = <j){{''f\2x\ri)2) for all x G Ap*^B and rj, rj' G 7. 
ti fa 

Proof. The first assertion is evident. Let x G Ai3*~^B. Then 

fa 

piix)\x}, ^ piix)im^j c iix\p)^j c im^Bj c iiA)ii?] 

and {rj'\2Pi{x)\ri)2 = 4'{{v'\2x\r])2) for all 77,77' G 7 because 

W\2Plix)\v)2S ^ {v'\2Plix)iS (i^id)\fj)2 

fa 

= iv'UiS id)x|77)2 = 5 (77' 1 2 a; 1 77) 2 = (/>((77'|2x|77)2)5 
fa 

for all S G C'^{II,L). By Lemma we can conclude pi{x) G Cx*^B. □ 

fa 
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Proposition 3.13. Let (j> be a morphism ofW*-{a', b)-algebras A'^^ , C^'^ and 
ip a morphism of W* -{b^ , c)- algebras Bif , D'^f . Then there exists a unique 
morphism (f>*ip of W* -{a\ c)- algebras A'^^*B]^^ and Cl''^*D'^f such that 

b b b 

{{(f>*ilj){x))R = Rx for all x e Ap*^B and R e ImJh + Jl^k, (10) 

b b 

where Ix = C'l'{H,L)^idx, Jy = idY®Ci'{K,M) for X e {K,M},Y e 

b b 

{H.L}. 

Proof. The space E := C^iHp, Lx)®£'^{K^,Mf,) is a concrete VF*-niodule, E C 

b 

UmJhI n {JlIk}, and Ap*^B C {E*Ey . Therefore, every morphism 4>iip 

b b 

satisfying (|10p is equal to the restriction oi pE- Conversely, we may choose 

b 

to be this restriction. Indeed, Proposition 12.31 shows that then (fi^ip is equal to 

b 

the compositions 

B ^ CaS^B ^ Cx*t.D, Ap*^B ^ Af,*^D ^ 0^*^,0, 

b b b b b b 

whence ([10]) holds, [C'^*^ ({H i3®yK)a<i.y, {Lx ^M)„<]^) (a <i 7)] contains 

b b 

b 

and similarly [C'''*''' {{H f3^yK)i3^s, (Lx ® ^M)x>u){P t>S)]= X^iy. □ 

b b 

Theorem 3.14. There exists a bicategory W*-alg'-"'^^ such that 

• the objects are all W* -bases and W*-alg("''^ (a, b) = W*-alg|,"'^^^ for all 
W* -bases a, b; 

• Co.b.c is given by {B]^^,A'^^) h- > A'^^*Bj^^ and {ip,(f>) i— > and the 

b b 

identity It, is C{R)'^ 

• the isomorphisms aa,b,c,i){C£'^ , B]^^ , A'^^) , rg.hiA'^^) , lb,t{Bjf ) are given 
by conjugation by aa,b,t,T){<^L^,^Ks, aHp), ra^biaHp), Ib.d^yKs), respec- 
tively, for all A'^^ , Bjf , and all W* -bases a, b, c, c). 

Proof. Tedious but straightforward. □ 
3.3 A spatial fiber product of C*-algebras 

To define a fiber product of C*-algebras, we start from the characterization 
of the fiber product of M^*-algebras given in Proposition 13.101 and formulate 
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a C*-algebraic analogue of Lemma 13.91 Let be a concrete nondegenerate 
C*-module and Ah a concrete C*-algebra satisfying E*EA C A. Put 

IndsiA) {T G ^liC) | Ti; + T*E C C C{K). 

Definition 3.15. Let E^ be a nondegenerate concrete C* -module. The E- 
strong-*, i?-strong, and i?-weak topology on C{K) are the topologies induced by 
the families of seminorms T ^ \\T£,\\ + \\T*i\\ (^e E),T^ ||T^|| G E), and 
T I— > ||^*T^'|| £ respectively. Given a subset X C C{K), denote by 

[X]e the closure o/spanX with respect to the E-strong-* topology. 

Remarks 3.16. i) If H is a Hilbert space, then \H)^ is a nondegenerate 
concrete C* -module, and the associated topologies on C{H) introduced 
above coincide with the strong-*, the strong and the weak operator topology, 
respectively. 

ii) Evidently, the multiplication in C{K) is separately continuous with respect 
to the topologies introduced above, and the involution T T* is continu- 
ous with respect to the E-strong-* and the E-weak topology. 

Proposition 3.17. Let E^ be a concrete nondegenerate C* -module. Ah a 
concrete C* -algebra satisfying E*EA C A. Then Ind£;(j4) is a C* -algebra and 

[E* lndEiA)E] C A, IndsiA) = [EAE*]e, lndE{M{A)) C Af (Ind£;(A)). 

lndE{A)K is nondegenerate if and only if Ah is nondegenerate; in that case, 
lndE{A)CC{K[EA])- 

Proof. The proof of the first two assertions is straightforward. 
We have [EAE*]e Q Ind£;(A) because [EAE*]eE C [EAE*E] C [EA]. To see 
that [EAE*]e ^ lndE{A), choose a bounded approximate unit (u,^)^ for the 
C*-algebra [EE*] and observe that for each T G Ind_E(A), the net {u^Tu^)^ lies 
in [EE* lTLdE(A)EE*] C [EAE*] and converges to T in the £'-strong-* topology. 
If 5 G ladE{M{A)), T G Indij(A), then ST G lndE{A) because STE C 
[SEA] C [EM{A)A] = [EA] and T*S*E C [TEM{A)] C [EAM{A)] = [EA]. 
IfInd£;(A)K is nondegenerate, then [AH] D [E* lndEiA)EH] = [E* lndEiA)K] = 
[E*K] = H. Conversely, if Ah is nondegenerate, then [EAE*]x and hence also 
IndE{A)K is nondegenerate. □ 

Throughout this subsection, let a, b, c be C*-bases as in ([5]). Moreover, let A^ 
be a C*-b-algebra and B]^ a C*-bt-algebra. We apply the induction procedure 
to A, B and 17)2 C C{H, H p(E)^K), C C{K,Hp®^K) (see Subsection [IH), 

b b 

respectively, and let 

Af3*.fB := Ind|.^)J^) nlnd|m^(S) C C{Hp®^K). (11) 

b b 

Thus, Af3*jB consists of ah T G C{Hd®^K) satisfying T|7)2+T*|7)2 C [17)2^] 

b b 

and T[j3)i -\-T*[(3)i C and we have the following commutative in the 
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category where the objects are Hilbert spaces, morphisms are concrete C* 
modules, and composition is defined as in C*-mod: 



A 



I 



Ai}*tyB 



B 



Put A'^l^^ := A n CiHfi), Sf'') := S n C{K^), X := (A^/^) ® id) + (id ®B^'^'^), and 

b b 

b b b 

Proposition 3.18. Let be a C* -b-algebra and B]^ a C* -b^ -algebra. 

i) {f3\i{Al3*',B)\p)i C B and {-f\2{Ap*^B)\-i)2 C A. 

b b 

n) A^P^ (^B^^'i C Ap^^B and M{A)0*^M{B) C M{Ap*^B). 

b b b b 

in) If [A^^'^ P] = P and [_B'''^7] = 7, then Ap*^B is nondegenerate and we 

b 

have Ms{A'^'^^ ® B^^'>) C Ap*-yB. 

b b 

iv) Ai3*^B contains id(^H0^K) if o,i^d only if pp{^'^) C A and p^{^) C B. 

b h 

v) If Ap^^B is nondegenerate, then the C* -algebra [j3* Af3\ n [7*57] C 

b 

is nondegenerate. 

vi) Assume that is a C* -{a^ ,b)-algebra and B]^^ a C*-{b\c)-algebra. 

Then {aHp (•^ ~^Ks, A^^^B) is a G* -{a\c)- algebra, 
b b 

Proof, i) Immediate from Proposition 13.171 

ii) This follows from the relations {A^^^ ® B^^^P) i C [|A('^)/3)iB('^)] C [\l3)iB], 

b 

(A(^) ® B('^))|7}2 C [\B^i^-i)iA^I^^] C [17)2^] and Proposition [SUl 

b 

iii) Assume that [A^'^)/?] = (3 and [5(^)7] = 7. Then A^'^'^ ® B^'i'> and hence 

b 

also Ap*-,B is nondegenerate. If T e ^/^(A^^) B^'^'>), then r|/3)i C [T{A^'^'> 

b b b 

id)|/3)i] C [(A('5)«)B(t))|/3}i] C and similarly T* I /3)i C r|7)2 + 

Tl7)2 C [17)2^].' 

iv) If id(H,^K) e A/3H<7S, then p^(Q5t) = [(71217)2] C A, p^(Q3) - [(/3|i|/3)i] C 

fa b 

i? by i). Conversely, if the last two inclusions hold, then [7)2 — [|753''^)2] = 
[|7)2P/3(»t)] C [|7)2A] and similarly C [\(3)iB], whence id 

b b 
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v) The C*-algebra C := [P*Af]] n [7*^7] contains f3* {j\2{Ab*^B)\j)2P = 

b 

^* {(3\i{Ap*jB)\f3)ij. If Afs*ryB is nondegenerate, we therefore have [C^] ^ 

[l3*{-t\2{Ap*^B){Hfi(i()^K)]=^. 

vi) The product X := P(Q:<]'y) i^'^){Ai3*^B) is contained in Ap^^B because 
X\(3)i C [|p,(2tt)/3)iS] = [|/3)iS], = (A^*^i?)|p„(at)/3)i C [\p),B], 

b 

X\i)2 C [|7>2Pa(at)A] C [|7)2^], X*|7)2 = (A^j^i?)|7)2P„(at) C [|7)2^] 

[J 

by equation ([9]). A similar argument shows that p(^p^g-^{€){Ap*^B) C Ap*^B. 

□ 

Definition 3.19. T/ie fiber product of a C* -{a\h)-algebra A'^^ and a C*- 
{h\ c)- algebra Bjf is the C* -{a\c) -algebra A'^^ *B]^^ := {aHi3®^Ks,Ap*^B). 

b b b 

Even in special situations, it seems to be difficult to describe the fiber product 
more precisely. 

Example 3.20. Let Ah and Bk be nondegenerate concrete C* -algebras. Then 
{Ah,\H)) and {BkA^)) a C* -i- and a C*-C -algebra (see Examvle \2.12\ 
a), and = A, Sd^^)) = B. Moreover, H\h)®\k)K ^ H ® K (Example 

\2.13\) . the minimal tensor product A (i) B can be identified with A(Ei B, and by 

Proposition [ME ii), A*B contains Ms{A B) ^ {T e M{A B) \ T{1 » 

B), (I (g) B)T,T{A (g) I), (A ® I)T C A B}. If A or B is non-unital, then 
id^fgK ^ A* B by Provosition \3.18\ iv), and hence M{A (g B) ^ A*B. In 

b t 

Subsection \3.6\ we give an example where A*B ^ M{A ® B). 

Example 3.21. Let H be an infinite- dimensional Hilbert space and identify 
H\H)®\H)H with H ® H as in Examvl i2.13[ We show that the flip E: 7J (8) 

H^H(g)H,^'S)r/i-^r/®^, is not contained in C{II)\fj)*\H)^{.H) . Indeed, 

let be an orthonormal basis for H and let rj Cz H be non-zero. Then 

(^,y|iE|?7)i = \v){^ij\ ^'^d hence '^j^\\{(,i>\i^\ri)i\\'^ ~ 00. On the other hand, 
one easily verifies that IK^i^li'S'P < 00 for each S G [\II)iC{H)], and hence 
nv)^[\H)iCiH)]. 

Further concrete examples will be given in Example 13.261 and Subsection 13.61 

3.4 Categorical properties of the spatial fiber product of 
C*-algebras 

We shall sec that the fiber product of C*-algebras introduced above is functorial, 
nonassociative, unital only in a restricted sense, contained in the fiber product of 
the associated W^*-algebras, and distributive with respect to finite direct sums. 
To prove functoriality, we use the following lemma. 
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Lemma 3.22. Let (p be a morphism of C* -b-algebras and C^, and let 

B]^ be a C* -b^ -algebra. Then I := C'^{Hp,L\) ® id is a concrete C* -module, 

b 

pi{As*ryB) C Cx *'yB, there exists a bounded linear map j^: [17)2^] ^ [|7)2C'] 
b b 

given by \r])2a 1-^ \r])24>{a), and pi{x)\ri)2 = j4>ix\ri)2) for all x G Ap^^B, rj e^. 

b 

Proof. The first assertion is evident. The existence of foUows from the fact 
that for all r],r,' e 7, a, a' € A, {\r,)2Ha))* i\r,')2<f>ia')) = cf>ia)* pxiv*v')Ho-') = 
<^((h)2a)*(h')2a'))- For all x e A^pB, 77 e 7, piix)\r])2 = j4^\v)2) e [17)2^] 
because pi{x)\f])2S = Piix)iS (g) id)\r])2 = (S" ® id)a;|?7)2 = jd>ix\r])2) for all S e 

b b 

C'^{Hp,Lx). Therefore, pi{Ap*-,B)\-i)2 C [17)2^]. Finally, pi{Ap*-,B)\\)i = 

pMpi-^^mm c \i{.AppB)\(i)^\ c \m^B\ = [\x),b]. ' □ 

b b 

Theorem 3.23 (Functoriality). Let cj) be a morphism of C*-{a\b)-algebras 
and C'l''^ , and let %l) be a morphism of C* -{b\<:)- algebras Bjf and . 
Then there exists a unique morphism (j) * ip of C* -{a^ ,c)-algebras A'^^ * B^'^ 



and C^' * L)'^f such that 



[{4> * i)){x))R ^ Rx for all X e Ap*-fB and R e ImJh + JlIk, (12) 



where Ix = C't'{H,L) ®idx, Jy = idy (E)C'(' {K, M) for X e {K,M},Y e 

b b 

{H,L}. 

Proof. Completely analogous to the proof of Proposition 13.131 □ 

The fiber product is not functorial with respect to nondegenerate morphisms 
into multiplier algebras: 

Remark 3.24. Let A^, be C* -b-algebras, let B]^, D^j be C*-b'' -algebras, 
and let cj) and "0 be morphisms of A^, M{C)^ and B]^, M{D)^, respectively. 

Then there exists a *-homomorphism cp ip: Ap^^B M{C)\*nM{D) ^ 

b b b 

M(C\ * ^D). However, we do not know whether the relations [0(A)C] — C and 

[iP{B)D] = D imply [{{^ * ^){Ap^^B)){Cx * f^D)] = Cx * ^D. 

b b b b 

The fiber products of C*-algebras and T/F*-algebras are related as follows: 
Theorem 3.25. i) fAfipB} C |S| for each C*-b-algebra A^j 

and C* -b'^ -algebra B]^. 
ii) [0*7/1! = |01|^*j['0]||^^^^| whenever (j) is a morphism o/C*-(a^, b)-algebras 

A'^^ , C2'^ and ^ is a morphism of C* -{b\ c) -algebras Bjf , . 
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Proof, i) C m,{Ap* B)\l3Uj C [Bland similarly (MblA^j^i?! I [7l)2 C 

|v4] by Proposition 13. 181 i) . Now, i) follows from Proposition 13. 101 
ii) Since the multiplication is separately tr- weakly continuous, C^i^Hp^Lx) C 
£W(i?[0j,LiAi) and C^{K^,M^) C M[^j). Now, ii) follows from 

equations (UHl) and ((12]). □ 



Unfortunately, the fiber product of C*-algebras is not associative. More pre- 
cisely, let A'^/ be a C*-(a^ b)-algebra, Bj^ a C*-(bt, c)-algebra, and C]]''' 
a C*-(c''', c))-algebra. Then we can form the fiber products {Aa*^B)pi,s*cC 

b c 

and Ap*^^^{Bs*eC). The following example shows that these C*-algebras 

b c 

need not be identified by the canonical isomorphism ao,b,c,a(e^0, 7-K^5, q^^/s) 
of Proposition 12.171 However, identifying the underlying Hilbert spaces via 
this isomorphism, wc can define a "minimal" C*-fiber product Af^^-fBs^iC := 

b c 

[{Ai3*^B)p^s*eC^ n (A;3*^<]c(_B5*eC)), which is functorial in each component. 
Example 3.26. Let a = b ^ c = X) ^ i (see Example[E9\i)) and A'^'^ = B'^'^ 



C''£^ ^ C{H)^P'^"\ where H is a separable Hilbert space. Then we can identify 
Hfj®^Ks®eL = (3 ©p Kp^©€ = \H) H (® \H) 9^ We construct an 

b c 

element T of X {C{H)\[j)*\H)^{H))\H)&\H)*\H)i^{H) that does not belong 
to Y C{H)\H)*\H)<i\H){^{H)\H)*\H)^{H)). Choose an orthonormal basis 
(en)neN ofH and define T e C{H^^) by 



K 




for all k,l,m £N s.t. m < k + I, 
for all k,l,m £N s.t. m > k + I. 



For each ^ e H and lo e H®^ , define lOiJOa ^ C{H®^,H®^) and \lj)i2 £ 
L(H, H®'^) by V ^ S, ® V, v ^ v ® S^, and C, ^ lo ® C,, respectively. Then 

T\ek® ei) 12^ \ik®ii)i2Pi+k + \ii®^k)i2i}<^- Pi+k), Pi+k ■■= ^ |em)(em|, 

whence T\H'^^) 12 £ [\H'»^)i2C(H)], and 

r|e,„)3 = |e„i)3(id where Y.,-a -.^ ^ \ei ® <^k - <^k ® <^i){ek ® <^i\, 

k,l 
k-\-l<rn 

whence T\H)3 e [\H)3{id+IC{H) ® IC{H))] C [\H)3{CiH)iH)*\H)C{H))] by 

Proposition \3.1^ ii), iv). Since T — T* , we can conclude T G X . 
However, r|ei}i ^ [\H)iC{H®'^)'\ and therefore T ^ Y. Indeed, one easily 
verifies that J^i \\{<^i\iS\\^ < oo for each S € [\H)iC{H'»^)] (where {ei\i = \ei)l), 
but r|ei}i(e; (>5e;+2) = e; Oci ®Q+2 and hence ||(e;|iT|ei)|p — 1 for each I £ N. 

Let us now investigate whether the fiber product construction relative to a 
C*-base b admits a categorical unit. Such a unit should be a C*-(b^, b)-algebra 
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it^ such that for all C*-{a' , b)-algebras A'^'^ and all C*-{b^ , c)-algebras B]^^ , 

we have A"^^^ = Ad,(A^''' * il?''®) and B]^^ = Ad,(il®''® * B]^^), where 

tl tl 

r = Ta b{aHp) and ^ = 1^ djKs) (see Proposition l2.17p . The relations r|/3)i = 

r|«t)2 = p^(<Bt), ;|^)2 = ^, = p^(<B) imply 

Adr(A/3 * 25til) = Ind/3(il) n Ind (25t)(A), 

' (13) 

Adi(il>8 * ^S) = Indp^(2j)(S) n Ind^(il). 

We deduce that if 05^ and 05 are unital, then Indp^((8t)(A) = A and Indp^(!g) (B) = 
B, and then the C*-{h\ b)-algebra >C(^)® '® is a unit for the fiber product 
on the full subcategories of all A'^^ and Bjf satisfying A C Ind^(£(^)) and 
B C Ind^(£(i^)). 

Remarks 3.27. i) If A C lnda{C{Sj)) and B C Ind^(£(£)), then Ap*^B C 
Ind(,^^)(£(i3))nlnd(^^5)(£(il)). 

a) Ind0(*B''^) = C{Hf3), and if is unital, then kAr{Af3 * qji S'I') = A 
C{Hp)^A^P\ 

iii) Ad^(<B«B*<8t»t) = /:(j^25) n£(J?2jt) = A/(Q3) n A/(Q3t). 
fa 

The fiber product is compatible with finite sums, but neither with infinite cq- 
sums nor with infinite Z°°-sums: 

Proposition 3.28. Let {A^)i he a finite family ofC*-{a\ b)-algebras and {B^)j 

a finite family of C*-(b\ z)-algehras. For each denote by t^: SiiA^ , 

L^: Sj'B^' and n\: ffl,- A' A, tt^ : fflj- B^' B^ the canonical 

inclusions and projections, respectively. Then there exist inverse isomorphisms 

SijA' * B^ ^ (SiA"-) * {SjB^), given by (xi.j)ij ^ J2i Ai-A * ^B)i^i,j) 
tl fa '■'fa 

{{tt\ * 7r^)(y))^ ^ y, respectively. 

Examples 3.29. i) For each i,j G let A and B^ be the C* -i- algebra 
and identify 0^ ■ Cc®cC with Z^(N x N) in the canonical way. Then 

0j A^*B^ corresponds to Co(NxN), represented on l^(NxN) by multipli- 
cation operators. We shall see in Examvle \3.36\ ii) that -4')*(®7 ^'') — 
Co(N)*Co(N) is strictly larger and contains, for example, the characteris- 
tic function of the diagonal {{x,x) \ x G N}. 

a) Let A and B^ be the C*-l-algebra K.{H)^P for all j, where H = 

and identify H\fj)®\H)H with H ® H as in Examvle \2.13[ Choose an 

orthonormal basis {ek)keN of H andputyj :— |ej®eo)(eo(8>eo| € K,{H®H) 
for each j £ N. Then y := {yj)-j £ ]\. A*B' because y, £ JC{H) ® IC{H) C 
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A*B^ for all j G N, but with respect to the canonical identification _ff ® 

H = H ® {®j ®H^, we have y ^ .4*(J|j B^) because y|eo}i corresponds 

to the family (|e,)i|eo)(eo|), G Y{^C{H,H®H) C C{®^H,®^H®H) 
which is not contained in the space [\H) iC{^ ^ H)]. 

3.5 Slice maps on the spatial C*-fiber product 

We discuss two classes of slice maps on the spatial fiber product of C*-algebras. 
The first class arises from a simple induction procedure for maps that have the 
following nice presentation. Let be a concrete C*-module, let E^^^ be the set 
of all sequences ^ — {ik)k&i in E for which the sum S^^k converges in norm, 
and put ll^ll := WY.k^UkV'^'^ ^r each ^ G E^W. Then standard arguments 
show that for all G there exists a bounded linear map 

fc 

where the sum converges in norm, and || < ||^|| ||^'||. We put VLe '■— {w^ | 

Proposition 3.30. Let be a C* -b-algebra and Bj. a C* -b'' -algebra. 

t)If^e /3W and G 7^"*^ then \0i (|&)i), e 1/3)^ '^nd \r,)2 := 
(kh),e|7)r. 

a) Let (j) G ^(3, -0 e fi-y and choose G /3('*'\, rj,?]' G 7'^'^' such that (j) = 
J "0 = ^r|,^' ■ Then the maps * id := tiii^^^.i^'^^ and id :— ^|r()2,|j;')2 
do not depend on the choice of ,ri,ri' and satisfy (fio (id — ^o{(j)*iA), 
{(t)*iA){Ap*^B) C B, {id*i))[Ap*^B) C A. 

b b 

Proof, i) Immediate from the relation X]fe=i l^fc)i = ^feCfe) ? which 

holds for all ^1, . . . G /?, and from the corresponding formula for elements 
?7i, • ■ • ,?7« G 7- 

ii) We have <j) o (id*^') = V' ° * id) because |^fe)i»7; = |'7;)2^fe and |Cfe)i?7j = 
\rj[)2^'k for all fc,L Varying 0, we conclude that id*?A does not depend on the 
choice of rj^r]' . Similarly, </) * id is independent of the choice of Finally, 
{cj)*iA){Afi*^B) C [(/3|i(A^*^B)|/?)i] C mi\p)iB] = C B and 

b b 

similarly (id *■!/') (^/3* 7^) Q A. □ 

b 

The second class of slice maps arises from a completely positive map on one 
factor of a spatial fiber product. The range of such a slice map are operators 
on certain KSGNS-constructions, that is, internal tensor products with respect 
to completely positive linear maps (see [HI §4-§5]). We abbreviate "completely 
positive linear" by "c.p.". Let A,C be C*-algebras and 0: A — > C a c.p. map. 
Recall that is strict if for some bounded approximate unit {uy)u of A, the net 
((f>{u^))i, converges strictly in Af(C), and that in this case, (j) extends uniquely 
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to a c.p. map (p: M{A) — > M{C) that is strictly continuous on bounded subsets 
[12 Corollary 5.7]. 

Lemma 3.31. Let be a C* -b-algebra, K a C* -b"^ -module, L a Hilbert space, 
and 0: j4 — > C{L) a strict c.p. map. Put X :— {x £ C{H p(i)~fK) \ (7|2a;|7)2 Q 

b 

A\ and 9 := (p o pp. Then there exists a unique c.p. map * id: X — > C{Lg©^) 
such that for all C, C' G L, rj, rj' G 7, and x € X , 

(C ® r;|(0 * id)(a;)(C' © rj')) = (CI'/'((^|2x|77')2)C')- (14) 

Proof. Let x = (a^y e M„(X) be positive and Ci, ■ ■ ■ Xn ^ L, r]i, . . . ,r]n € j, 
where n e N. Put d diag(|?7i)2, . . . , |?7„)2)- Then < i{r]i\2Xij\r]j)2)ij = 
d*xd < \\x\\d*d, so < ((/'((jy, ^a^ij |?7j)2))j,i < and 

< ^(C»l</'((r/.|2a;,,|r7j)2)0) < ^(C» ©Vj)- 

Consequently, there exists a c.p. map </) * id: X ^ C{Lg©^) satisfying (fH|) . □ 
Lemma 13.311 and routine calculations yield the following result: 

Proposition 3.32. Let A^^ be a C* -b-algebra, Bj. a C* -b^ -algebra, L a Hilbert 

space, and(f>: A C{L) a strict c.p. map. PutO :— <j)opp. Then Ap*^B belongs 

b 

to the domain of definition of (p* id and (0*id)(A^*-y-B) C (id 0©{B' r\C{Kj)Y C 
C{Le©j). 

Remarks 3.33. i) Assume that (j>{pf}{b'')a) = <j>(pp{b''))<j>{a) for all 6+ g 
»t,a g A. Then 6 is a *-homomorphism, there exists a bounded linear 
map^: [\"f)2A] C{L,Le©j), \r])2a^ h)2</'(a), and {{<j3*id){x)){C©v) = 
Hx\t])2)C for all X e Ap*^B, C e L,riej. 

b 

ii) Assume that L ~ R and (p G f^/?- Then we can identify with K via 

n-y, and the map 0*id constructed above coincides with the one constructed 
in Proposition 1 3. 3^ 

Hi) Assume that is a C* -b-algebra and that there are Si, . . . , Sn,Ti, . . . ,Tn € 
C{Hp, L\) such that (p{a) — SioT* G C for all a £ A. Then 9 = p\ by 
Lemma \2.b\ we can identify Lp^©j with L\(i)^K, and one easily verifies 

{4> * id){x) = Y.^iSi ® id)a;(T;* (g) id) e Cx*jB for all x E Ap*^B. 

b b b b 

Similarly, one can construct slice maps for completely positive maps defined on 
the second factor in a fiber product. 
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3.6 The commutative case 



We finally discuss fiber products of C*-algebras, where one or both of the factors 
involved are commutative, and give some examples. First, we need to recall 
some preliminaries on Hilbert C*-modules and Hilbcrt bundles, and fix some 
notation. A standard reference is [3]. 

Let i? be a commutative C* -algebra. We denote by B the spectrum of B, that 
is, the set of nonzero *-homomorphisms B ^ C Let E he a Hilbert C*-B- 
module. Then E corresponds to a continuous bimdle of Hilbert spaces on B as 
follows. Put E^ EQ)^C for each x S B and Tot(i?) := U^^gs E^, and denote 
hy pE'- Tot(i?) B the natural projection. Each £, € E yields a section of 
PE, given hy x'^ S,x ■— ^ ®x ^ ^ ^x- Equipped with the weakest topology that 
makes pE and the map Tot(i?) C given by E^ 9 C IICx ~ Cll continuous for 
each ^ G E, the space Tot(i?) becomes a continuous bundle of Hilbert spaces. 
Denote by ro(Tot(i?)) the space of continuous sections a oi pe for which the 
function x ^ vanishes at infinity. Then ro(Tot(i?)) carries a natural 

structure of a Hilbert C*-i3- module such that the map E ro(Tot(i?)) given 
by ^ cr^ is an isomorphism of Hilbert C*-i3-modules. 

Put Tot C{E) :— U^gB ^i^x)- Let A be a commutative C*-algebra and p: B ^ 
M{A) a nondegenerate *-homomorphism. Then E ©p A \s a. Hilbert C*-A- 
modulc. For each x G ^, we identify {E ©p A)^ ^ E ©p A C with E ©(^op) 
C = i?(^op)- We call a map f:A—> Tot C{E) weakly continuous and van- 
ishing at infinity it pE ° f is continuous and for all G E, the map x ^ 
(^pe(/(x))I/(x)Cpe(/(x))) li^s Co{^) = A- Similarly, we caU a map f : A ^ 
Tot£(£') strong-* continuous and vanishing at infinity \i pe ° f is continuous 
and for aU ^, i' G E, the map x ^ fix)£,pE{f{x)) ^^^^ ^o{E ©p A). 
In the following lemma, we apply the preceding discussion to B = 03^^ E — ^. 

Lemma 3.34. Let A^^ he a C* -b- algebra, Kj a C* -b'' -module, x G C{H fj®^K). 

b 

Assume that 05^, A are commutative and [p/3(*B^)j4] = A and (7|2a;|7)2 ^ A. 
Define Fx'. A ^ Tot £(7) by x^ {x* id) (a;). Then: 

i) Fx is weakly continuous vanishing at infinity. 

ii) X G Ind|-j,^2(^) '/ '^^^ only if Fx is strong-* continuous vanishing at infin- 
ity. 

Proof. First, note that for all ^, G 7 and x G 

x{{'n\2x\C)2) = (l(xop^,)®'7l(x*id)(a;)(l(xop,i)@C)) = '(n(xop^)\Fx{x)S.(xop^)) ■ 

i) For each £.,f] ej, the map x ^ {V{xopp)\Fx{x)S.ixop,3)) equals {v\2x\02 e A. 

ii) Assume that Fx is strong-* continuous vanishing at infinity, and let ^ G 7. 
Then the map x ^ -Fa;(x)C(xop^) lies in ro(7©p3 A) ^^'^ ^^'^ form a^^ for some 

uj G 7©p^A. We identify 7 ©p^ A with [17)2^] ^ C{H,H fj®^K) in the canonical 

b 

manner and find that a;|C)2 = because x{{'<l\2x\^)2) — {''1{x°ph)\^{x°ph)) — 
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XiivU'-^) for all X £ A, G 7. Since ^ G 7 was arbitrary, we can conclude 
3:^17)2 C [17)2 A]. A similar argument, applied to x* instead of x, shows that 
3^*17)2 C [17)2^4], and therefore x e lnd\^^^{A). Reversing the arguments, we 
obtain the reverse implication. □ 

We now consider a special situation. Let X, Y, Z be locally compact Hausdorff 
spaces, p: X ^ Z and q: Y ^ Z continuous maps, r a Radon measure on Z 
with full support, and (j) = {(j)z)z£Z, fp = (^z)zgz families of measures such that 

i) (/>2 and ipz sue Radon measures with full support on Xz '■— p^^{z) and 
Yz := q~^{z), respectively, for each z € Z, 

ii) for each / G Cc{X) and g G Cc{Y), the maps z ^ j-^ f d<pz and z 1— > 
Jy gdtjjz are continuous. 

Then we can define unique Radon measures vx,!^,!^ on X,Y, X^ x gY, respec- 

z 

tively, such that for all / G Cc{X),g G Cc{Y),h G Cc{XpXqY), 

/ fdi'x= / / fd(j)zdiJ,{z), / gduY= / / gidV'z d/i(2:), 
Jx Jz Jx^ Jy Jz Jy^ 

/ hdi'= / / / h{x,y)dilJziy)d4)zix)dn{z). 

JXpXgY Jz Jx^ Jy^ 

z 

We equip Cc{X) with the structure of a pre-Hilbert-module over Co{Z) such 

that {.f\g){z) = j^ Jgd(t>z and fh = fp*{h) for all f,g G Cc{X), h G Co{Z), 
z Z, and denote the completion by L^{X, (j)). Similarly, we define the Hilbert 
C*-module L^iY^iP). Then each / G ^^(X,^) and g G L'^{Y,(j)) yields an 
operator 

jxif) : L\Z,ij) ^ L\X, ux), h ^ fp*{h), 
jY{g):L\Z,fx) ^ L\Y,uy), h ^ gq*ih). 

Let b be the C*-base associated to the weight on Co{Z) corresponding to /i and 

A:=Co{X). H :=L^X,i^x), /?:= jx(i'(X, </>)), 
B := Co{Y), K := L^{Y, lyy), 7 := JviL^Y, ^j)). 

Evidently, is a C*-ti-algebra and B]^ a C*-bt-algebra. For each z G .Z', we 
identify 'L°^{Xz,(t>z) and L°^(n,V'z) with C*-subalgebras of C{L^{Xz,(t)z)) = 
C{f3z) and /:{L'^{Yz,tpz)) = ^7z), respectively. 

Proposition 3.35. i) There exists a unitary U : H^^^K — > L'^{XpXqY, u) 

b Z 

such that ($(jx(/) © h © 3Y{g))){x,y) = f{x)h{p{x))g{y) for all f G 
Cc{X), g G Ce{Y), h G Ce{Z), {x,y) G X^x^Y. 
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ii) Adu{Ap*yB) is the C* -algebra of all f G L°° (X p x qY, ly) that have rep- 

b ' Z 

resentatives fx, fy such that the maps X —f Tot £(7) and Y —>■ Tot C{P) 
given hy x ^ fx{x,-) £ L°°{Yp(^^,tpp(^^)) andy^ fY{-,y) G L°°{Xq(y^,(j>g(^y^) 
respectively, are strong-* continuous vanishing at infinity. 

Proof. The proof of assertion i) is straightforward, and assertion ii) follows 
immediately from Theorem 13.251 i) and Lemma [3.341 iiV □ 

Examples 3.36. i) Let X,Y be discrete, Z — {0}, and let (j>f), ■0o be the 
counting measures on X, Y , respectively. Then 

Co{X)0*^CoiY) = {/ G Cb{X X Y) • ) G Cq(Y) for all x G X, 

ti 

f{-,y)eCo{X) for allyeY}. 

This follows from Theorem \3.35\ and the fact that for each f G Cb{X x Y), 
the maps X C{l^{Y)), x ^ f{x, ■ ), and Y C[P{X)), y ^ f{- ,y), 
are strong-* continuous vanishing at infinity if and only if f{ • , J/) G Co{X) 
and f{x, ■ ) G Co{Y) for each y GY and x £ X . 

ii) Let X = H, Z = {0}, and let (j)Q be the counting measure. Then 

Co{n)p*^Co{Y) = {/ G Cfc(N X Y) I {f{x, •)). IS a sequence m Co{Y) 

b 

that converges strongly to e C{L^ {Y, iPq))} 

because for each f G L°°{N x Y), the map Y y ^ f{-,y), 

is strong-* continuous vanishing at infinity if and only if f(x, ■ ) G Cq{Y) 
for all a; G N. 

Hi) Let X = Y = [0, 1], Z = {0}, and let (j)Q — ipQ be the Lebesgue measure. 
For each subset I C [0, 1], denote by xi "its characteristic function. Then 
the function f G L°°([0, 1] x [0,1]) given by f{x,y) = 1 if y < x and 
f{x,y) — otherwise belongs to C([0, 1])/3*7C([0, 1]) because the functions 

[0,1] ^ i°°([0,l]) C C{L^{[0,1])) given by x ^ fix, •) = X[o,x] and 
y '—^ f{-,y) = X[v 1] are strong-* continuous. In particular, we see that 
C([0, l])i3*^Ci[0, 1]) ^ C([0, 1] X [0, 1]) = C([0, 1]) ® C([0, 1]). 

A Minimal fiber products in the setting of C*- 
algebras 

In this appendix, we use the spatial fiber product to construct a minimal fiber 
product of C*-algebras that is independent of a chosen representation in the 
following sense. Let b = (j?,^,^^) be a C*-base. Given C*-algebras A,B 
with nondegenerate *-homomorphisms cr: ?B — > M(A) and p: AI{B), we 

define a minimal fiber product of A and B with respect to cr, p, b as follows. We 
represent A as a C*-b^-algebra and _B as a C*-b-algebra, form the spatial fiber 



30 



product, and then take the limit of these spatial fiber products for all admissible 
representations. In categorical terms, this construction is a right Kan extension 
[TS] . For background on category theory, see [IS] ■ 

We fix some terminology. Let C be a C*-algebra. A C* -C -algebra 
briefly written Ap, is a C*-algebra A with a nondegenerate *-homomorphism 
p: C ^ M{A). A morphism of C*-C-algebras Ap and is a *-homomorphism 
tt: A ^ B satisfying (j{c)TT{a) = 7r(p(c)a) for all c e C, a e A. We denote 
the category of all C*-C-algebras by C*-algp and write C*-alg = C*-alg(;. 
Similarly as in Example l3.81 we define finite sums in the categories C*-algt, and 
C*-algf,t, respectively. Let Rb and R[,t be full subcategories of C*-alg[, and 
C*-alg[,t , respectively, which are closed under 

i) Z°°-sums and 

ii) formation of subalgebras, that is, if c G {b, b^} and Af^ G Rj, B C A, 
B% G C*-alg,, then G R^. 

We construct a fiber product ( • * • ) : C*-alg(gt x C*-algig C*-alg as the 
right Kan extension of the spatial fiber product ( • * • ) : Rb x R^t C*-alg 

b 

constructed in Subsection 13.31 along the forgetful functor 

U: Rb X Rbt C*-alg2jt x C*-alg2j 

given by (A^, B^) ^ {Ap^ , i?p^) on objects and (0, -0) i-^ (0, ■0) on morphisms. 
Given a C*-*B^-algebra Ap and a C*-Q5-algebra B^, we define the category 
R(ylp,_Bo-) '■— ((^p:-B(t) i U) of all admissible representations of Ap and B^ as 
follows. The objects are tuples (C, V, (j>, tp), where (C, V) G Rb x R^t and {(/), ip) 
is a morphism from {Ap,Ba) to U(C,X') in C*-algfgt x C*-alg(g. Morphisms 
between two objects (Ci, Pi, i/ii, ■i/'i), (C2, f 2, 02, "02) are all morphisms (ttc, ttu) 
from (Ci, I^i) to (C2, 152) in Rf, x R^t satisfying 4>2 — t^c° 4>i and ?A2 = ttd o f/;!. 
We denote by P(Ap.s„) ^ R(^p,5(t) — > Rb x Rbt the projection, given by 
(C,!?, 0, -0) 1-^ iC,T>) on objects and {ttct^v) ^ {''^c,''^v) on morphisms. 

Proposition A.l. Let Ap be a C* -^'^ -algebra and B^ a C* -^-algebra. Then 
the functor F = F(^Ap,B„) {■ * ■)° P(A,,B„) ■ R(^p, B„) -> C*-alg, given on 
objects and morphisms by F(C,X', 0,'0) =0*7) and F(7rc,7ri5) — ttq * tt-d, has 

b b 

a limit consisting of a C* -algebra Ap * ^.i? and a family of morphisms (js '■ Ap * 

b b 

<tB — i- F>S')sGR(Ap,S„)- 

The proof requires some preparation. Given Ri = {Ci,Vi, (pijipi) G ^{Ap, Ba-) 
for i = 1, 2, we define a sum i?i ffl i?2 = (Ci ffl C2, Vi ffl D2, 0, 0) e R(Ap, B^), 
where 0(a) = (0i (a), 02(a)) and ^{b) = {ipi{b),ip2{b)) for all a G ^4, 6 G B. 
Denote by G: R.{Ap,Bc) — > R(Ap,_Bo-) the functor given by (C,!?, 0, t/") i-^ 
{4>{A)^^j;{B),(l),'il)) on objects and restriction on morphisms, and by t: G ^ id 
the natural transformation given by the inclusions (j){A) ^ C, ipiB) ^ V. 
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Lemma A. 2. Let Ap, Be be as above, Ri = {Ci,'Di,4>i,ipi) € 'R.{Ap, Bg-) for 
i — 1,2, and let n: RiW R2 Ri be the projection, //ker^i C ker02 cind 

kerV'i ^ ker'02, then the map tt^^ : FG(i?i ffl R2) 
FRi is injective. 



Fi, 



'-^^^ F(i?i ffl - 



Proof. Write i?i ffli?2 = (C, V) and denote by ttc : C 
the projections. Then FG(i?i ffl i?2) 

Fi?i = Ci and Ftt 

Ci * P is injective on * ■(/'(■B)- Write X» D^. 



Ci and TTp : I? ^ 2?i 
(j}{A) =(= F(i?i ffl i?2) ^ C *V, 

b b 

TTc * 7rx> . We first show that the map ttc * id : C * P ^ 

b b 

On 0(A), the map ttc 

b ' ' ' ' b ' ' 

is given by {(j)i{a), (j)2{a)) 1-^ 0i(a) for all a & A. Since ker^i C ker(/)2, this 
map is injective. Now, assume that x £ <P{A) * ip{B) and (ttc * id) (a;) = 0. 

Then = {PUiTTc * id)(x)|/3)2 = ^c((/3|2x|/3)2), and since (/3|2x|/3)2 C 0(A) 
and TTC is injective on (/)(A), we must have {P\2x\P)2 = and hence x = 0. A 
similar argument shows that the map id *ttx> : Ci * 2? — > Ci * Pi is injective on 

b b 

01 (j4) * ip{B), and hence ttc * ttd — (id ^Trp) o [ttc * id) is injective as well. □ 

b 



0/ Proposition \A.l[ Using the assumptions on R, we choose R — (C, P, 0, "0) G 
R(Ap,i3o-) such that ker0 C ker02, ker'0 C ker'02 for every (C2, P2, 02, "02) G 
R(Ap, bJ) and i? = Gi?. Then for each S G R(Ap, S„), the map tt^; : FG(i? ffl 
5) — > Im TT^ C Fi? is injective by Lemma lA.21 and the map ^5 : tt^°{ttji)~^ '■ Im ttj^ 
¥S makes the following diagram commute: 



FG(i? E S) 



■¥S. 





Im TT^ 

We show that the C*-algebra Ap * ^B :— P|g.Im7r^ C Fi? and the collection 

{js)s form a limit for the functor F, where the intersection is taken over all 
S G 'R.{Ap, Bcr). Note that this intersection exists even if 'R{Ap, B^-) is not 
small. Let tt be a morphism between objects S, T in 'R{Ap, B„). In the diagram 



FG(i?fflS') 



FG(idffl7r) 




(ImTTs n ImTTr) 



■FG(i?fflT) 



FT, 



the square and the upper, the left and the right triangle commute, and hence 
also the lower triangle commutes. Therefore, Ap* „B and {js)s form a cone on 
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F. If C and (fcs)s form another cone on F, then kii{C) C IniTr^ and fcg — js°kR 
for each S G R(^p, B^) because the fohowing diagram commutes: 



C 




FR FG{R ffl S) — ^ FS. 

Consequently, Ap * and {js)s form a hmit for F. □ 

The construction of the hmit in the preceding proposition is functorial. Indeed, 
let TTA be a morphism of C*- 05 ^-algebras Ap, Ap and let ttb be a morphism 
of C*-*B-algebras B„, B^. Then we have a functor {tta^t^b)*'- R-(^p,-Bs) 
R(Ap,i3o.) given by {C,V,(j),^) i-^ {C,V,(j) o ttajV' ° ""s) on objects and the 
identity on morphisms, and for each S G R(^p, B^), we have a map 

j{7rA,^B)''S- Ap^aB ^ F^A„B^)iTrA,T^B)*S = F(^^^ g__^S. 

The family of these maps forms a cone on the functor F^j^_ ^ and therefore 
induces a map tt^i * tt^ : * ^B A^* ^B. 

b b b 

Theorem A. 3. There exists a unique functor ( • * • ) : C*-alg(gt x C*-alg^ — > 
C*-alg given on objects by {Ap, B^) ^ Ap*^B and on morphisms by (tt^i, ttb) ^ 

b 

b 

Proof. This functor is the right Kan extension of ( • * • ) along U, and the result 

ii 

follows from Proposition EH see [HI X.3 Theorem 1]. □ 
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